We augment the dimension of the Euclidean space by one and the Picard iteration of a contraction by a simple iteration on the real line such that the resulting iteration becomes monotone increasing and bounded with respect to the order defined by the Lorentz cone of the augmented space. This provides a different way of showing the convergence of the Picard iteration of a contraction, exhibiting the strong relationship between the Banach fixed point principle and the ordering structure of the Euclidean space ordered by the Lorentz cone.
Introduction
Let m be a positive integer, p = m + 1 and · the Euclidean norm in R p . A cone K ⊂ R p is a closed set such that tK +sK ⊂ K and K ∩(−K) = {0} for any t, s ≥ 0 [2] . The order ≤ K induced by the cone K is defined by the equvalence x ≤ K y ⇐⇒ y − x ∈ K. This order is reflexive, transitive and antisymmetric. Moreover, ≤ K is compatible with the linear structure of R p , that is, x ≤ K y implies that µx + z ≤ µy + z, for any µ ≥ 0 and any z ∈ R p . The pair (R p , K) is called an ordered Euclidean space and K the positive cone of (R p , K). A sequence in R p will be called Kincreasing (K-bounded from above) if it is increasing (bounded from above) with respect to ≤ K . A lower K-bound of a set in R p is a lower bound of the set with respect to ≤ K . It is known that any K-increasing and K-bounded sequence from above in R p is convergent [4] . Let 0
It is easy to see that a contraction can have at most one fixed point. The Banach fixed point theorem (or principle) (see [1, 3] ) states that any contraction has a unique fixed point and the Picard iteration x n+1 = F (x n ) from any starting point is convergent to this fixed point. Define the sequence t n by t 0 = 0 and
We will show that the sequence (x n , t n ) is L-increasing and L-bounded from above, hence it is convergent. This property is a surprising connection between the metric and ordering structure of the Euclidean space whose positive cone is the Lorentz cone.
The main result
Theorem 1 Let m be a positive integer, L be the Lorentz cone in R m × R, 0 < λ < 1, x 0 ∈ R m and f : R m → R m be a λ-contraction. Let x * be the unique fixed point of f . Consider the Picard iteration
starting from x 0 , the iteration
starting from t 0 = 0 and the nonempty set
Then, the sequence (x n , t n ) is L-increasing and L-bounded frome above by any element of Ω, hence it is convergent. Its limit (x * , t * ) is a lower L-bound of Ω with x * the unique fixed point of f .
Proof. First, we will show by induction that
for any n ∈ N. Indeed, we have t
. Hence, the statement is true for n = 0. Now, suppose that the statement is true for n, that is, (
Hence, since f is a λ-contraction, we get
where the second inequality follows from the induction hypothesis. From (2) and (4), we get
, that is, the statement is true for n + 1. Hence, the statement is true for any n ∈ N.
Next, consider an arbitrary element (x, t) ∈ Ω. We will show by induction that
.
Hence, the statement is true for n = 0. Now, suppose that the statement is true for n, that is, (
Then, since f is a λ-contraction, (2), (3), (5) and the triangle inequality imply
that is the statement is true for n + 1. Hence, the statement is true for any n ∈ N. Taking the limit in (5) as n → ∞, it follows that t − t * ≥ x − x * , or equivalently (x * , t * ) ≤ L (x, t). Since (x, t) is an arbitrary element of Ω, it follows that (x * , t * ) is a lower L-bound of Ω. ✷
